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1. INTRODUCTION

Let K be a field of characteristic zero and let X = {p, ..., ps} be a finite set of points in the projective space
P™ over K. The study of the geometric properties of the set X is a topical subject with numerous connections
to problems in projective geometry. The uniformity property not only provides a geometric characterization of
X but also can be linked to the minimum distance of linear codes in coding theory. Here, for 0 <i <s and
0 <j <rx, where rx is the regularity index of X, the set X is called (i, j)-uniform if every hypersurface of degree
j passing through s — i points of X must pass through the i remaining points of X. Many results regarding
uniformity have been discovered and widely developed (Eisenbud et al., 1996; Geramita & Kreuzer, 2013).
Several algebraic invariants associated to X have been used to characterize the uniformity property of X. For
instance, Kreuzer (2000) used the canonical module to investigate the uniformity property of X, Linh and Long
(Kreuzer et al., 2019a; Linh & Long, 2022) provided some characterizations of uniformity property of X in
terms of the Dedekind different, and Geramita (Geramita & Kreuzer, 2013) described the uniformity property
of X when X is a complete intersection.

In view of computational aspects, Migliore and Peterson (2004) provided a characterization and an
algorithm for checking the uniformity via the Chow form, while Linh and Long (2022) gave an effective
algorithm to test this property of X based on linear algebra. Unfortunately, finding an efficient algorithm for
checking this property for X (especially, in the general case of a 0-dimensional scheme) is still an open
problem.

Another approach to looking at the uniformity property of X is to search algebraic curves of the smallest
degree that pass through all points of X. Bastianelli, Cortini and De Poi (2014) described some geometric
configurations of X having the Cayley—Bacharach property of degree r (i.e, having the (1,r)-uniform property).
This work recently was generalized by Levinson and Ullery (2022) by introducing the plane configurations in
the projective space.

Based on these results, we focus on investigating the possible configurations of the set X that satisfy the
(1, j)-uniformity property. In particular, we would like to examine some cases of the following natural question
(Levinson & Ullery, 2022) that states: “If' X is (i, j)-uniform and the number of its points does not exceed
(d+1)j+i,does it necessarily lie on a plane configuration of dimension d?”. In this paper, we give a positive
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answer for the questionwhenn=2andd=1.

The paper is organized as follows. In Section 2, we recall some basic concepts including the Hilbert
function, the Cayley-Bacharach property, plane configurations, and the uniformity property. We also collect
some properties about these notions, especially, Theorem 2.4 tells us that if X has the Cayley-Bacharach
property of degree r and | X | < 2r + 1 then all its points are collinear. Section 3 is devoted to presenting our
main results, in which we first prove some uniformity of the complement set in X by a plane configuration (see
Proposition 3.1), and then we provide a geometrical configuration of X satisfying the (i, j)-uniform property
(see Theorem 3.2).

2. BASIC CONCEPTS AND PROPERTIES

In the following, let K be a field of characteristic zero, let P = K [Xo, ...,xa] be the standard graded polyno-
mial ring with deg(xo) = - - - = deg(Xn) = 1, and let X = {ps,...,ps} be a finite set of distinct points in the
n-dimensional projective space P™ over K. The homogeneous vanishing ideal Iy of X is defined by

Ix = (f e P|f homogeneous, f (pi) =0, Vi=1,....,s) S P.
Then, the homogeneous coordinate ring of X is the residue class ring R = P/l . Thisring R = @;cz Riis a
graded ring of dimension 1. We recall the definition of the Hilbert function of X, as follows.

Definition 2.1. The Hilbert function of X is defined by
HFx : Z — Z, i » dimk(Ri).
Remark 2.2. The Hilbert function of X satisfies HFx(i) = 0 if i <0 and HFx(0) = 1 and
HFx(0) <HFx(1) < - - <HFx(rx-1) < HFx(rx) = HFx(rx41) =5=" -
where r > 0 is known as the regularity index of X.
From (Kreuzer et al., 2019b; Definition 3.10), we have the following geometrical property of X.

Definition 2.3. For r > 0, we say that X has the Cayley - Bacharach property of degree r (CBP(r)) if
every hypersurface of degree r passing through s — 1 points of X also passes through the remaining point.

Note that if s > 1 then X has CBP(0) and if X has CBP(r) then it has CBP(r — 1). Moreover, the number
rx — 1 is the largest degree r > 0 such that X can have CBP(r) (Kreuzer et al., 2019a; Section 4]). In particular,
(Bastianelli et al., 2014; Lemma 2.4) provides a geometric characterization of the set X satisfying the Cayley-
Bacharach property, stated below.

Theorem 2.4. Suppose that the set X = {py,..., ps} S P™ has CBP(r). Then
@ S>r+ 2 ; moreover,
(b) if s <2r + 1 then X lies on the line.

Concerning the study of geometric structure of X, the notion of the plane configurations was introduced in
(Levinson & Ullery, 2022; Definition 2.1).

Definition 2.5. Let d, £ be non-negative integers. A plane configuration ¥ of dimension d and length ¢ in
P™ is a union of distinct positive dimensional linear spaces # = UX_, P; , in which:
(@) d = dim(#) = 3k, dim(Py) is the dimension of the plane configuration & ;
(b) {(#) =k is the length of the plane configuration .

Remark 2.6. (a) A zero-dimensional plane configuration is an empty set, and a 1-dimensional plane
con-figuration of length 1 is a line.

(b) In the projective plane, any plane configuration # is either a finite union of lines or the whole
plane.

Based on the above terminology, the following conjecture is proposed by Levinson and Ullery (2022),
which extends Theorem 2.4.

Conjecture 2.7. (Levinson & Ullery, 2022; Conjecture 1.2). Let X = {py, ..., ps} S P" be a set of s distinct
points having CBP(r). If s <(d + 1)r + 1 then X lies on a plane configuration # of dimension d.

Conjecture 2.7 holds in the following cases (Levinson & Ullery, 2022; Theorem 1.3):
(@) For r <2 and all d. Moreover, we may take £(#?) = 1.
(b) For all rand d < 3 . Moreover, for r <4 we may take £(2°) <2 .
(c) For r =3 and d =4 . Moreover, we may take £(#)<2.
The Cayley-Bacharach property of X is known as a weak uniform property of X. In the next definition we

33



Tran Thi Anh Phuong et al., Journal of Science and Education, Volume 66, Issue 1 (2026) 32-36

recall from (Geramita & Kreuzer, 2013; Definition 2.1) the notion of uniformity of X. This notion plays an
important role in this paper.

Definition 2.8. Let X = {py, ..., ps} < IP™ be a set of s distinct points, and let 1 <i<sand 1 <j <rg. The set
X is said to be (i, j)-uniform if and only if HFy( j) = HFx( j), for all subsets Y < X consisting of
|Y|=s—ipoints.

Remark 2.9. Notice that the set X is (i, j)-uniform if any degree j algebraic curve passing through s — i
points of X must pass through remaining i points of X. Indeed, let Y be a subset of s — i points of X and f € P;
vanishes at all points of Y. Clearly, Ix € Iy and f € (Iy) j . Because X is (i, j)-uniform, we have HFy(j) = HFx(j),
and so (I) j = (Iy) j. It follows that f € (Ix) j , in other words, f vanishes at all i remaining points of X.

In particular, due to Definition 2.3, X has CBP(r) if and only if it is (1, r)-uniform.

Example 2.10. Let X = {ps,..., ps} be the set of 10 points in the projective space P? over Q, where
p1=(1:0:2),p2=(1:1:0),p3=(1:1:1),pa=(1:1:2),ps=(1:2:1),ps=(1:2:2),pr=(1:3:0),
ps=(1:3:1),pe=(1:3:2)and pio=(1:3:3). Then, by using ApCoCoA (n.d.) we have the homogeneous
vanishing ideal I of X is minimally generated by 7 homogeneous polynomials in P = Q [Xo, X1, X2] :

~ 3
N :r%nxg—r%x% “loul'll‘z-f— xnx2+ X1X3 — le
4
fr=xox2 — 5IXOYZ+J‘0’“> (Ing
2.2 4.3 1.3
J3=xpx] — ﬁ_l()x] + gxl — 3 —

Sy 3 _13. .3, 3.4
— 5XpX3 — EX1X3 + 5X3,

‘ S — Bgnd 4 dxd - 13 11,22 253 1.2 2
Ja=xpx1 — gxox| + 35 19,‘1'(2 5 Xox2 + FgX0x1 xz + gxix
55 143
— 13X0 YZ 36 X1X qu
o 40 13 .4 1 ]9 85.2.2
5= ‘f(] 37 k(},‘(l + 35X — —xgxlxg x] Xy — 32X0X)
563 61, .3 301 4
—|——r0rlx2—|—54r1r2 5 X0Xy — 54 Y|k2—|— IZY'),

fo= x“:'.xz 29x0 X7 vz 3x] ’ﬁ.') + mxnx X'} + 2 ) xl x2 36xox‘§ — %xhﬁcj + 18_};3,

f7 = xoxixy — 6xgxIxs — j’ﬁ]d‘fz + Txgx3 + 3633 — 6xgx3 — Lxpod +3x3.

The Hilbert function of X is HFx = (1, 3, 6, 10, 10,...), and so the regularity index of X is ry =3 . In
particular, we can check that X is (i, j)-uniform fori =1, 2 and j = 2, but X is not (3, 2)-uniform, for instance,
for Y = {pa1, ps, pa, Ps, Ps, Ps, Po} S X we get | Y | =7 and HFy (2) =5 <6 = HFx (2).

The possible region of uniformity of the set X can be described by the following lemma (Kreuzer, 2002;
Remark 2.2).
Lemma 2.11. Let X = {py, ..., ps} < IP™ be a set of s distinct points. Suppose that X is (i, j)-uniform for some
1<i<sandl<j<rg.
@ We have i <s — HFx(j).
(b) Forall 1 <i'<iand1<;'<], the set X is also (i’, j")-uniform.
3. THE MAIN RESULT

In this section, we use the notation and definitions given in the previous section. We aim to prove a
condition that determines whether a uniform set of points, X = {pa, ..., ps}, in the projective plane lies on a line.
Using the language of uniformity, we formulate the Levinson-Ullery conjecture 2.7 in P? as follows: If a set
of s distinct points X = {py, ..., ps} € P? satisfies (i, j)-uniform and if s < (d + 1) j + i then X lies on a plane
configuration .22 of d -dimension.

In the following, we prove this problem for the case d = 1 . For that, we need the following result.

Proposition 3.1. Let X € P? be a finite set of points satisfying (i, j)-uniform and let # be a plane configura-
tion with length | . Then the set X \ & satisfies (i, j — I)-uniform. In particular, if 22 is a line, then X \ &2 is
(i, j — 1)-uniform.

Proof. By remark 2.6, it suffices to prove the proposition in the case & is a plane configuration of length 1,
i.e., #isaline. Setting X = X \ &7, we have to show that X is (i, j — 1)-uniform. Let Z be a hypersurface of
degree j — 1 passing through all points of X except for i points of them, and let W be the set of these i points.
Then, we have |W|=i,W N 2 =0 and

X\Wecz
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Now, we consider the hypersurface 2 U Z of degree j. This hypersurface contains both X \ W and # . It
follows that

X\W) c (U 2).
On the other hand, since X is (i, j)-uniform and |W| =iso W S (# U Z),and W N % = @ , we conclude
W < Z . Therefore, Z is a hypersurface of degree j — 1 passing through all points in both X \W and W , which
implies that the set X is (i, j — 1)-uniform. O
Now, we are ready to state and prove the main result of this section.
Theorem 3.2. Let X = {ps, .., ps} be a set of s distinct points in the projective plane P? and suppose that X
is (i, j)-uniform.
(@) We have | X|=s>j+i+1.
(b) If s<2j+ithen X lies on a line.

Proof. (a) Suppose for a contradiction that s < i+ j + 1. Since X is (i, j)-uniform, every algebraic curve of
degree j passing through s — i points of X also passes through the remaining i points of X. Let us consider
s—ilines 1, ..., lain P2 withpc€ & fork=1,...,s—iandpm & Uj_; € form=s—i+1,...,5s.

Let F;—,+; be an algebraic curve of degree j — s + i, not passing through the points ps—+s, . . ., pPs , With
F;—s+i= 0 whenj =s — i. In this case, we define

H=F wUliUfHU: - U’

Then H is an algebraic curve of degree j which does not pass through the points ps-i+1, . . ., ps . This
contradicts the fact that X is (i, j)-uniform. Hence we must have s>i+j+ 1.

(b) Now we suppose that s <2 j + i . We need to show that X lies on a line. To this end, we
distinguish the following cases.

(b.1) i=j=1: The set X is (1, 1)-uniform, and so
i+j+1<s<2j+ie3<s<3&s5=3.
Thus X = {pa, p2, ps} and X has CBP(1). It follows that X lies on a line.
(b.2) i=landj>2: Wehaves<2j+1andXis(1,]j)-uniform,thatis, X has CBP(j). By Theorem
2.4, X must lie on a line.

(b.3) j=landi>2: Wefindthats<2+iandXis (i, 1)-uniform. Then, every line passing through
s — i points also passes through the remaining i points of X. Thus, X must be collinear.

(b.4) i>2andj>2:In this case, we may assume that any set of t distinct points in P? , which is
(i, K)-uniform with 1 <k < j and where 1 <t <min{2k + i, s}, also lies on a line. Consider the set X, let h be
the maximum number of collinear points in X lying on a line £ and let Y be the set consisting of these h collinear
points. Clearly, Y € Xand |[Y|=h.PutZ=X\Y.Then

ZNe=0,YC¢ |Z|=s—h.

Observe that if Z=0 then Y =X lies on a line ¢. So, it is enough to prove Z = @ . Assume for a contradiction
that Z # 0 . Because Z = X\ £ and X is (i, j)-uniform, an application of Proposition 3.1 yields that the set Z is
(i, j — 1)-uniform in P2, By part (a), we have

|ZI=i+(j—D+1=i+].
This implies
s—h>i+]j.
For h>2, one has
i+j<s—h<Qj+i)—h<2j+i—-2=2(j—-1)+i.

By the inductive hypothesis, the set Z lies on line ¢'. Consequently, the set X is contained in £ U ¢’. By the

choice of h, we get the inequality s — h <h, and so % <h . It follows that

: s 2j+i i
1 <s—h< < — 4.
i+j<s S3s75 j+2
Hence
i
i<l
1+j_2+j_

which is a contradiction. Therefore, it must be Z = @ in this case.
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Altogether, the set X lies on a line, and this completes the proof. O]

Remark 3.3. Theorem 3.2 also covers a result of Bastianelli, Cortini and De Poi whenn=2and i =1 (see
(Bastianelli et al., 2014; Lemma 2.4). Our future work is to generalize this theorem for n > 2 and consider the
initial index of the homogeneous vanishing ideal of X.
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